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Abstract
In this note we reexamine the possibility of extracting parton dis-
tribution functions from lattice simulations. We discuss the case of
quasi-parton distribution functions, the possibility of using the re-
duced Ioffe-time distributions and the more recent proposal of directly
making reference to the computation of the current-current T -product.
We show that in all cases the process of renormalization hindered by
lattice momenta limitation represents an obstruction to a direct Eu-
clidean calculation of the parton distribution function.
1
1 Introduction
After the publication of the paper of ref. [1] a substantial amount of work
has been invested in the attempt of computing parton distribution functions
(PDFs) from first principle lattice simulations 1.
The possibility of extracting PDFs from lattice QCD simulations of the
(matched) hadronic matrix elements of a bilocal operator 2 has been ana-
lyzed critically in ref. [4], where it was observed that, despite the fact that
such lattice-derived quantities can be made UV finite by an appropriate mul-
tiplicative renormalization, moments are plagued by UV power divergences,
so that the resummed expression provided by lattice simulations does not
yield the correct PDF, as the moments of the physical PDF are instead finite
and experimentally measured quantities.
In spite of these difficulties a large number of papers have appeared which
addressed the (perturbative) calculation of matching and renormalization
coefficients, report lattice data of matrix elements of bilocal operators and
enlarge the set of lattice quantities that can be possibly used for the purpose
of extracting PDFs.
In this note we start in sect. 2 by reexamining the theoretical foundation of
the Ji proposal of ref. [1] strengthening the argument given in [4]. In sect. 3 we
extend the discussion to the case in which the reduced Ioffe-time distributions
are considered [5, 6]. In sect. 4 we illustrate the problems associated with the
proposal of extracting the PDF’s from the lattice hadronic matrix element
of the T -product of two currents advocated in [7]. We end in sect. 5 with a
few remarks.
2 The Ji approach
We start the discussion by considering the unrealistic situation in which the
theory is canonical. We then describe the modifications occurring when it is
not, separately analyzing the Minkowski and Euclidean case. We conclude
that the problem of getting UV finite moments represents an obstruction
to a direct lattice calculation of PDF’s starting from the hadronic matrix
elements of the Ji bilocal operator.
1In this short note we cannot give due credit to all the Authors working in this field
for lack of space. For a useful list of references one can look at the recently published
PDF-white-paper [2].
2We wish to recall that the notion of bilocal in this context was first introduced in
ref. [3].
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2.1 Minkowski metrics
With reference to the simplified situation of a scalar current J(ξ) = φ2(ξ),
also discussed in [4], one can write for the hadronic deep inelastic cross section
in the parton approximation
(2pi)4W (q2, q · P ) =
∫
d4ξe−iq·ξ〈P |φ(0)φ(ξ)|P 〉∆(ξ) =
=
∑
n
∫
dk
2|k|
|〈n|φ(0)|P 〉|2(2pi)4δ4(P + q − pn − k) , (1)
where
∆(ξ) ≡
∫ dk
2|k|
eik·ξ =
∫
d4k δ(k2)θ(k0) eik·ξ (2)
and kµ ≡ (|k|,k) is the massless parton final momentum. The ket |P 〉 denotes
a covariantly normalized hadron state with four-momentum P .
Lorentz invariance implies
〈P |φ(0)φ(ξ)|P 〉 =M(P · ξ, ξ2) . (3)
In the canonical case M(P · ξ, ξ2) is a regular function that needs to be
evaluated for ξ2 ≈ 0. We are interested in the computation of its Fourier
Transform (FT)
M(P · ξ, 0) =
∫ +∞
−∞
dxf(x) e−ixP ·ξ (4)
f(x) =
1
2pi
∫ +∞
−∞
M(P · ξ, 0) eixP ·ξd(P · ξ) , (5)
as f(x) is related to W (q2, q · P ) by
(2pi)4W (q2, q · P ) =
∫ +∞
−∞
dxf(x)
∫
d4ξ e−i(q+xP )·ξ∆(ξ) =
= (2pi)4
∫ +∞
−∞
dxf(x)δ[(q + xP )2]θ[(q + xP )0] , (6)
finally leading in the canonical Bjorken limit to the relation
W (q2, q · P ) ≈
xf(x)
−q2
, x =
−q2
2q · P
. (7)
This is the standard argument formally relating the structure function (i.e.
the FT of the bilocal matrix element (3)) to the deep inelastic cross section.
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In eqs. (4) and (5) the bilocal operator can be Taylor expanded around
ξ = 0, yielding
〈P |φ(0)φ(ξ)|P 〉=
∞∑
n=0
1
n!
〈P |φ(0)
∂
∂ξµ1
∂
∂ξµ2
. . .
∂
∂ξµn
φ(ξ)
∣∣∣
ξ=0
|P 〉ξµ1ξµ2 . . . ξµn≡
≡
∞∑
n=0
〈P |Oµ1µ2...µn(0)|P 〉ξ
µ1ξµ2 . . . ξµn . (8)
The matrix elements of Oµ1µ2...µn(0) are of the form
〈P |Oµ1µ2...µn(0)|P 〉 = AnPµ1Pµ2 . . . Pµn + traces , (9)
where traces denote form factors containing some gµiµj tensor. For example,
in the case of Oµ1µ2(0), we have
〈P |Oµ1µ2(0)|P 〉 = A2Pµ1Pµ2 +B2gµ1µ2 . (10)
The physical PDFs are related to the An form factors (moments), while the
traces Bn are spurious contributions which need to be subtracted out. In
the Minkowski region this subtraction is automatically performed by taking
ξ2 = 0 (as in eq. (4)). In the Euclidean case the situation is more complicated.
2.2 Euclidean metrics
Eliminating trace terms is problematic in the case in which only Euclidean
data are available, as it happens in lattice computations. In this case the
only available information making direct contact with Minkowski physics are
the matrix elements of the bilocal operator φ(0)φ(ξ) at equal times (ξ =
(0, 0, 0, z)). Eq. (3) is still valid and in this kinematical situation reads
〈P |φ(0)φ(z)|P 〉 =M(−Pz z,−z
2) . (11)
In Euclidean metrics, in order to eliminate the trace terms we can take ad-
vantage of the fact that the bilocal matrix element (11) is a function of two
independent variables, which may be chosen to be ν ≡ −Pz z (the so-called
Ioffe time [8]) and β ≡ −z2, so that one can recover the required structure
function from the formula
f(x) = lim
β→0
1
2pi
∫ +∞
−∞
M(ν, β) eixνdν . (12)
Eq. (12) 3 shows that in order to remove the trace terms in Euclidean region
we must know 〈P |φ(0)φ(z)|P 〉 for Pz →∞ as z → 0, while keeping ν = −Pz z
3At non-vanishing β the FT in the r.h.s. of eq. (12) defines what in the literature is
called the pseudo-PDF [9].
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fixed. In lattice simulations this requirement poses a serious problem as
momenta are bounded from above by the inverse lattice spacing, a−1, which
in turn limits the minimal value that z can take to be O(a).
2.3 Renormalization and matching
In a renormalizable theory, like QCD, the scaling in the deep inelastic re-
gion is controlled by computable logarithmic corrections. Unfortunately, the
local operators in eq. (9) require a renormalization which is not simply mul-
tiplicative. In fact, the matrix elements (9) also display UV power divergent
mixing with lower dimensional (trace) operators that one needs to resolve to
make both An and Bn form factors finite. In particular in order to be able
to take the limit Pz → ∞, necessary to eliminate the contamination from
higher twists, one needs to make the Bn’s finite. The only renormalization
considered in [1, 2] was, however, the multiplicative “matching condition”
which we now discuss.
The basic procedure, common to many of the approaches that have been
following in a way or another the Ji paper [1] is to start considering
F˜ (x, Pz; Λ) =
Pz
2pi
∫ +∞
−∞
dz eixzPz〈P |φ(0)φ(z)|P 〉
∣∣∣
Λ
, (13)
where Λ is an UV cutoff. Renormalization is carried out by means of the
so-called “matching procedure” which consists in writing
F˜ (x, Pz; Λ) =
∫ +∞
x
dx′
x′
Z(
x
x′
; Λ, µ)F (x′, Pz;µ) , (14)
where Z( x
x′
; Λ, µ) is a logarithmically divergent renormalization function (com-
puted in perturbation theory - PT) which is needed to construct an UV finite
F (x, Pz;µ).
We observe that the convolution property of the Mellin transform yields
∫ +∞
−∞
dxF˜ (x, Pz; Λ)x
n=
∫ +∞
−∞
dx′x′
n
Z(x′; Λ, µ)
∫ +∞
−∞
dx xnF (x, Pz;µ)≡
≡ Zn
(
Λ
µ
)∫ +∞
−∞
dx xnF (x, Pz;µ) , (15)
implying that the moments of F˜ is are multiplicatively renormalized, inde-
pendently from each other.
Eq. (15) becomes a relation involving the moments of the physical PDF
after sending Pz → ∞. Taking this limit on the lattice is, however, not
possible as we now show.
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Eq. (13) is a FT, the inverse of which reads
〈P |φ(0)φ(z)|P 〉
∣∣∣
Λ
=
∫ +∞
−∞
dx e−ixzPzF˜ (x, Pz; Λ) . (16)
Taking the n-th derivative of (16) with respect to z at z = 0 gives
(−i)n
∫ +∞
−∞
dx xnF˜ (x, Pz; Λ) =
1
(Pz)n
〈P |φ(0)
∂nφ
∂zn
(0)|P 〉
∣∣∣
Λ
, (17)
which together with eq. (15) implies
∫ +∞
−∞
dx xnF (x, Pz;µ) =
(−i)n
Zn(Λ/µ)
∫ +∞
−∞
dx xnF˜ (x, Pz; Λ) =
=
1
(Pz)n
〈P |
1
Zn(Λ/µ)
φ(0)
∂nφ
∂zn
(0)|P 〉
∣∣∣
Λ
. (18)
The l.h.s. of eq. (18) should yield the “measurable, UV finite” moments of
the physical structure functions with Zn(Λ/µ) the renormalization constants
which would make the operators φ(0)∂
nφ
∂zn
(0) finite. However, as already men-
tioned, these equal-point operators are not multiplicatively renormalizable
due to the presence of power divergent divergent trace terms. They require
subtractions and not simply a multiplicative renormalization.
3 Reduced Ioffe-time distributions and per-
turbative subtraction
The difficulties outlined before, that prevent the direct calculation of the
PDF on the lattice, affect also the strategy advocated in refs. [5, 6] where it
is proposed to consider as a better UV behaved quantity the reduced Ioffe-
time distribution [8]
M(Pz z, z
2) =
M(−Pz z,−z
2)
M(0,−z2)
(19)
with M(−Pz z,−z
2) the bilocal of eq. (3) evaluated at ξ = (0, 0, 0, z). Since
the ratio M(Pz z, z
2) only differs from M(−Pz z,−z
2) by a (z2-dependent)
rescaling, the problem with power divergent moments is still present. Indeed,
from the small z OPE of the lattice regularized ratio (19) in terms of “contin-
uum” Wilson coefficients (say in theMS scheme) one can in principle extract
the correct PDF moments. However, in order to directly construct the PDF
from lattice data, one would need to take the FT of the quantity (19). This
5
FT will display power divergent moments irrespective of whether moments
are defined as derivatives of the quasi-PDF with respect to z (with fixed Pz)
or of the pseudo-PDF with respect to ν = −Pzz (at fixed z). In the first case
we are in the same situation as for the original Ji proposal (see our discussion
in sect. 2.3). In the second, in order to take the derivatives with respect to
ν = −Pzz at vanishing z
2 one must send Pz →∞, which is impossible in the
lattice regularization.
As a way to circumvent these problems the Authors of refs. [5] have
proposed to subtract out the unwanted terms in PT. We illustrate their idea
and the difficulties that go along with it with the help of the illuminating
approach and notations of ref. [10].
Using, say, dimensional regularization and the MS subtraction scheme,
the regularized quasi-PDF Q(y, P ) can be related to the light-cone continuum
PDF f(y, µ2) by the perturbative formula [6, 10]
Q(y, P ) = f(y;µ2)−
αs
2pi
CF
∫ 1
0
du
u
f(
y
u
;µ2)
[
B(u) ln(
µ2
P 2
) + C(u)
]
+
+
αs
2pi
CF
∫ 1
−1
dx f(x;µ2)L(y, x) + O(P−2) + O(α2s) , (20)
where
L(y, x) =
P
2pi
∫ 1
0
duB(u)
∫ +∞
−∞
dz e−i(y−ux)zP ln(z2P 2) . (21)
The last term in eq. (20) produces (unwanted) contributions in the |y| > 1
region, responsible for UV power divergent moments. One can thus think of
subtracting out by hand these terms writing
f(y;µ2) =
[
Q(y, P )−
αs
2pi
CF
∫ 1
−1
dx f(x;µ2)L(y, x)
]
+
+
αs
2pi
CF
∫ 1
0
du
u
f(
y
u
;µ2)
[
B(u) ln(
µ2
P 2
) + C(u)
]
+O(P−2) + O(α2s) . (22)
The difficulties posed by this procedure, which is widely used in actual sim-
ulations, are as follows. First of all we observe that the subtraction needs to
be carried out before removing the cutoff. So all the above formulae should
be looked at with this in mind. For instance, in lattice simulations eq. (20)
and the following should be rewritten by using the lattice regularization.
Secondly, although it is true that the term in square parenthesis has
a smooth P → ∞ limit, the O(α2s) corrections don’t and at small lattice
spacings they will matter. Indeed, UV power divergences in moments are
not eliminated but only pushed to higher orders in PT.
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Finally the very same PDF, f(y;µ2), one is looking for appears in the
r.h.s. of eq. (22). In practice to leading order in αs one replaces it with
the lattice quantity Q(y, P ). The latter, however does not have the correct
support properties. One thus needs to enforce them by hand. As a result
non-localities are introduced. Then the question arises whether the moments
of the PDF built in this way are the matrix elements of the renormalized local
DIS operators (9) one finds in the Bjorken limit.
3.1 Observation
We wish to end this section with an important observation. Many Authors
(see among others [11]) consider the argument about UV power divergent
moments inconclusive on the basis of the observation that the lattice expres-
sion of the bilocal hadronic matrix element behaves as log |z| around z = 0
and that (possible) power divergencies appear only if the moments of lat-
tice PDF are computed 4, something that it is either simply dismissed as
unnecessary or claimed to be allowed only after ”matching”.
Both counter-arguments are, however, untenable. First of all, the calcu-
lation of the moments from the lattice PDF is crucial as one can claim to
have computed the correct PDF only if the moments of the latter reproduce
the matrix elements of the renormalized local DIS operators dominating in
the light-cone limit that one measures in experiments. Secondly, although it
is true that renormalization (matching) can transform the non-local quasi-
distribution function into a well defined mathematical object (technically a
“distribution”, i.e. a singular function with integrable singularities), when
naively differentiated, as one has to do for computing moments, one gets
increasingly singular behaviours. As eq. (15) shows, no linear relation of the
matching type can improve the situation.
4 PDF from current-current T -products?
As an alternative to the Ji strategy, the Authors of ref. [7] propose to compute
directly the hadronic matrix element of the T -product of two currents on the
lattice 5
σ(ω, ξ2) = 〈P |T (J(0)J(ξ))|P 〉 , (23)
4In Appendix B of ref. [4] an explicit example of a reasonably smooth function never-
theless displaying divergent moments is discussed.
5In a different context, a similar idea was put forward in ref. [12] to bypass the dif-
ficulties with the lower dimension operator mixing in the case of the construction of the
lattice d = 6 effective weak Hamiltonian.
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where in the notation of ref. [7] ω = P · ξ. The idea of ref. [7] is to use
the OPE, valid for small ξ2, and reexpress σ in terms of the product of the
physical PDF times a perturbatively computable kernel integrated over the
Bjorken variable. More concretely in ref. [7] it is proposed to start with the
expansion
σ(ω, ξ2) =
∑
n
Wn(ξ
2;µ2) ξµ1ξµ2 . . . ξµn〈P |Oµ1µ2...µn(0)|P 〉 (24)
and, after using eq. (9) with
An(µ
2) =
∫
dx
x
xnf(x;µ2) , (25)
to cast eq. (24) in the form
σ(ω, ξ2) =
∫
dx
x
f(x;µ2)K(xω, ξ2, x2;µ2) + O(ξ2Λ2QCD) , (26)
where (eq. (14) of ref. [7])
K(xω, ξ2, x2;µ2) =
=
∑
n
xnWn(ξ
2;µ2) ξµ1ξµ2 . . . ξµn(Pµ1Pµ2 . . . Pµn + traces) . (27)
The Authors conclude that, to the extent that K is known in PT 6, f(x;µ2)
can be obtained as the one-dimensional FT (eq. (24) of ref. [7])
1
4pi
∫
dω
ω
e−ixωσ(ω, ξ2) = f(x;µ2) + O(ξ2Λ2QCD) , (28)
if lattice data are inserted for σ. The trouble with this equation is that it
is sensitive to contributions from higher twists (O(ξ2Λ2QCD) terms). To give
higher twists a vanishing weight one should take, besides ξ0 = 0, also the
limit ξ3 = z → 0 in order to maintain the Euclidean constraint ξ2 → 0. If
one does so, however, to keep the integration variable ω fixed, one needs to
send Pz →∞ as z → 0. But this is impossible as the accessible values of Pz
are limited by the lattice UV cutoff. In this respect we have here a situation
similar to the one we encountered at the end of sect. 2.2.
Hence even the approach developed in ref. [7] is unable to circumvent the
criticism raised in [4] concerning the possibility of directly computing the
PDF’s in lattice simulations.
Euclidean lattice data can instead give access to PDF moments. Mo-
ments can be extracted by numerically fitting the singular ξ dependence of
the current-current T -product [7] or of the bilocal [13], similarly to what
was proposed to do in ref. [12] to get around the renormalization problems
associated with the construction of the lattice effective weak Hamiltonian.
6For instance, they find Kq
q
(xω, ξ2, 0;µ) = 2xω exp (ixω).
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5 Conclusions
In this note we have rediscussed the feasibility of the proposal of directly ex-
tracting PDF’s from lattice simulations. Unfortunately there is still a missing
ingredient in this program, related to the problem of subtracting power diver-
gent trace terms. Although individual PDF moments can be extracted from
lattice data, at this time neither the initial Ji idea of employing the bilocal
operator [1], nor the reduced Ioffe-time distributions [5, 6], or the direct use
of the current-current T -product [7] allow to access the full PDF in lattice
simulations.
Acknowledgments - We wish to thank G. Martinelli and S. Zafeiropou-
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